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The Relationship between Viscoty, Elasticity and Plastic Strength
o f a Soft Material as Illustrated by some Mechanical Properties 
o f Flour Dough.— I I I .
B y R obert K enworthy Schofield and George W illiam Scott Blair.
(Communicated by Sir John Russell, F.R.S.—Received January 2, 1933.)
The equation
r\ — n ,t(i)
connects the viscosity, 73, with the rigidity modulus, n, and the time of relaxa­
tion, tr. In the case of simple fluids, for which the equation was originally 
given by Maxwell, the dissipation of shearing stress is so rapid that neither 
n nor tr has been measured, so that the relationship has only a theoretical 
interest.
In  the first paper of this series* it was shown that in flour dough stress 
dissipation proceeds a t rates that can readily be followed experimentally. 
The “ time of relaxation/’ tr, was given an extended significance, and defined 
in such a way as to be applicable to plastic materials like dough for which 73 
is not a constant. A series of values for the viscosity was obtained with the 
aid of equation (i).
In the second paperf a description was given of a method by which a record 
or “ rheogram ” can be obtained showing the amount of flow that has occurred 
in a given time under stress. In this way another series of viscosity values 
was obtained. A comparison of the two sets showed a satisfactory agreement 
so far as order of magnitude was concerned, but it revealed quantitative dis­
crepancies which made a further investigation desirable.
In both papers the fact that the viscosity is dependent on the total strain as 
well as on the stress was the subject of comment. Flour dough thus exhibits 
a behaviour reminiscent of “ work-hardening ” in metals, and it is evident 
that we can only expect agreement between values of 73 in cases where the 
“ history ” of the specimens has been the same. Further study has revealed 
the existence of two more effects which have close parallels in the behaviour 
of metals, namely, elastic after-effect and elastic hysteresis.* I t  is shown
* ‘ Proc. Roy. Soc.,’ A, vol. 138, p. 707 (1932), referred to as Paper I. 
f  ‘ Proc. Roy. Soc.,’ A, vol. 139, p. 557 (1933), referred to as Paper II. 
t  Gf. Nadai, “ Plasticity,” McGraw Hill Book Co., New York (1932).
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below that by taking due account of these properties the seemingly con­
flicting results of Paper II fall into line.
Elastic After-effect.
The apparatus was a modification of that used to follow the relaxation of 
stress and described in Paper I. A cylinder of dough, about 15 cm. long and 
0-7 cm. diameter, was floated on a mercury bath. Two small scales, graduated 
in quarter centimetres and tenths, were attached one at either end of the dough 
by means of cork “ chairs ” which adhere readily to it. To one scale (scale 
A) was fastened a thin strand of rubber, about 20 cm. long, the other end being 
anchored to a stout pin sticking up in the trough. To the other scale (scale B) 
was attached a piece of sewing cotton, the other end of which was wound on a 
small winch controlled by a worm and crank. Two low-power microscopes 
were trained one on either scale. One-tenth part of each small division could 
be estimated, so that a movement of 0-0025 cm. could be detected with 
certainty, fig. 1.
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Fig. 1.
The position of scale A is a direct indication of the stress. Calibration was 
effected by placing the trough erect, when empty, and hanging weights on 
the lower end of the scale, due allowance being made for the weight of the scale 
and rubber in obtaining the zero. The elastic properties of the rubber, although 
not perfect, were found to be sufficiently satisfactory. For extensions up to
10 per cent, a constant factor of 690 dynes per scale division was found. To 
obtain the extension of the dough cylinder, the shift of scale A must be sub­
tracted from the corresponding shift of scale B.
The doughs were made up in the way described in Paper II, the moisture 
content being so adjusted that the dough did not stick appreciably to a glass 
plate when pressed firmly against it. The doughs were allowed to stand for
11 hours before use, and the cylinders were formed by extrusion from a “ gun.” 
The part of the mercury trough occupied by the cylinder was flanked by a 
strip of wet felt and covered by a glass-topped frame to minimize drying.
When the tensile stress on a dough cylinder is increased, a point is reached at 
which the plastic strength is exceeded and plastic (non-recoverable) extension 
occurs. If the tensile stress is below the plastic limit, an extension, due to a
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small increase in stress, appears to be wholly recoverable on restoring the stress 
to its former value, provided that sufficient time is allowed. Fig. 2, a and b, 
is the record of such an experiment. The dough had been under a stress of 
4700 dynes/cm.2 for some minutes (the plastic limit in this case being about 
5000 dynes/cm.2) and neither scale was moving appreciably. The handle of 
the winch was then given a turn which caused the scale B to move 0 • 41 divisions.
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After two minutes a reverse turn was given to the crank which restored the 
scale to its original position. Fig. 2, a shows the movement of scale A which, 
as already noted, is a direct indicator of the stress, and of which the shift must 
be subtracted from 0-41 (the shift of scale B) during the first 2 minutes, and 
from zero subsequently, in obtaining the elongations shown in fig. 2, b. I t  
will be seen that the value obtained for the rigidity modulus by dividing
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one-third of the change in tensile stress by the corresponding elongation, 
depends materially on the time allowed. If the first reading obtained after 
turning the winch is used, the value is n =  7 • 7 X 104 ; after 2 minutes it is 
n =  4-3 X 104. I t  will be seen that both the stress and the strain returned 
to their original value so tha t no perceptible plastic flow occured during the 
period occupied by the experiment. The phenomenon exhibited is essentially 
that of elastic after-effect.
Fig. 3 shows the same thing a t a higher stress, namely, 5400 dynes/cm.2. 
Here the effects of slow plastic flow and of elastic after-effect are superimposed.
5690^
Time (mins.)
Fig. 3.
Elastic after-effect was also studied by first extending a dough cylinder at a 
uniform rate by driving the winch from a suitably geared electric motor and 
then suddenly releasing the stress altogether by burning the cotton. Fig. 4 
shows the variation of length with time in a typical experiment. According 
to the Maxwellian theory, the rate of fractional elongation is related to 
the shearing stress, S (which is one-third the tensile stress, for this material), 
thus
de  1 dS_j  1 g
dt n dt7) (ii)
At the point B in fig. 4 the stress was suddenly reduced to zero. Equation (ii) 
indicates that a large negative de/dt is to be expected momentarily, but that 
dejdt should immediately afterwards become zero. Actually dejdt maintained 
an appreciable negative value for many minutes during which both S and
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dS/dt were zero, 
(ii), such as
Such a case can only be covered by an extension of equation
de_ / l  dS _da\ 1 g
dt \n  dt Yj (iii)
in which a represents the influence of elastic after-effect.
Time (sec.)
Fia. 4.
Applying this relation to the case illustrated in fig. 2, - . S, which represents
7]
the rate of plastic flow, may be neglected, and we obtain by integration
Ac =  - AS — Aa. n
As a steady condition is approached when the system is left undisturbed, it is 
reasonable to regard a as tending to zero under these circumstances. Inter­
preted in this light, fig. 2 indicates that on rapidly increasing the stress, a 
assumes a positive value which falls gradually towards zero so long as there is 
no further abrupt change in stress. Conversely, a rapid decrease in stress 
imparts a temporary negative value to a.
The fact already noted that in fig. 3 the effects of plastic flow appear simply 
to be superimposed on the elastic effects shown in fig. 2, is reflected in the 
form of equation (iii) which shows de/dt to be the simple sum of an elastic 
part (within the bracket) and a plastic part. A particularly interesting feature
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of fig. 3 is the spontaneous rise of the stress to a maximum from D to E. An 
unthinking use of the expression
•■ - if (at constant elongation) (iv)
would suggest that the relaxation time had a negative value in this region. 
Reference to equation (iii) shows, however, that when dejdt is zero, tr — vj/n is 
IdSonly equal to — S /  — when d&Jdt is zero ; and this only occurs when no rapid 
/  dt
change of stress has taken place for some time. The definition of , adopted 
in Paper I and embodied in equation (iv), is therefore subject to this limitation. 
Furthermore, of the two values for n, given in connection with fig. 2 for the 
modulus, it is now clear tha t the lower one, 4*3 X 104, must be preferred when 
relating yj to tr.
Elastic Hysteresis.
An experiment such as that of fig. 4 can also give a value for n if, in addition 
to a determination of the total contraction, a measurement is made of the 
stress just before burning the cotton. Table I summarizes the results of three 
such experiments. The striking fact to be noted is the smallness of the values 
found for n in comparison with that deduced above from fig. 2. The difference 
cannot be put down to elastic after-effect.
Table I.
S• lv 2^* n.
5200 18-1 1 6 0 1-40 X 104
5400 19-7 17-4 1-45 X 104
5200 20-3 18*1 1-61 X 104
8 is the tensile stress, n, the rigidity modulus, and Zx and l2 the lengths of the dough under 
stress, and after recovery respectively.
The origin of this discrepancy became apparent from a further experiment. 
A dough cylinder was first extended at a slow uniform rate by about 2-5 cm. 
so as to remove any tendency to curl, and was then held extended for about 5 
minutes to allow the stress to fall to a value in the neighbourhood of the plastic 
limit, a t the end of which time its rate of decrease was quite slow. This 
condition is indicated by the point A on fig. 5.
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The stress was then released by stages. Fifteen seconds was allowed 
between each turn of the crank, the stress recorded being that at the end of 
each 15-seconds period. I t  was necessary to fix some time interval of this 
kind in order that the small influence of elastic after-effect should be spread 
evenly over the experiment. At B nearly all the stress had been released and 
it was then increased in the same way to C ; and the cycle twice repeated. 
The lateral shift of the loop at each repeat is evidence that plastic flow occurred
Fig. 5.
a t the higher stresses. I t  appears safe to assume, however, that this com­
plication does not arise in the lower portion of each loop. In following any 
continuous curve it is found that the modulus connecting the change of stress 
with the corresponding change of length always decreases; but that at each 
discontinuity where the sense of the stress change alters, the modulus abruptly 
increases very considerably. At the points B, D and F the modulus changes 
from about 1 X 104 to 4 X 104.
The modulus obtained from fig. 2, using 15 seconds as the time interval, 
should evidently be compared with the highest values obtained from fig. 4 
since both refer to the condition just after a change in sense of stress variation.
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The moduli quoted in Table I, as well as those cited in the earlier papers of this 
series, are in a sense mean values corresponding to a change such as that from 
A to B, C to D, or E to F on fig. 5, and we should expect these values to be 
small. The exact magnitude of such a mean value will evidently depend, 
among other things, on the magnitude of the stress change, and will tend to 
decrease as this increases. The recognition of this phenomenon, which is 
essentially a case of elastic hysteresis, enables a rational explanation to be 
formulated for the marked inconstancy of the modulus. I t  also makes it 
necessary to reconsider the value previously adopted for the modulus when 
deriving the viscosity from the relaxation time.
Test of the relation =  ntr.
The presence of elastic after-effect and elastic hysteresis adds considerably 
to the difficulty of devising an experimental check on equation (i). The only 
satisfactory way would appear to be to measure all three quantities in rapid 
succession on the same piece of dough. A number of experiments of this 
kind were carried out with the apparatus slightly rearranged in the manner 
shown in fig. 6. A scale (scale C) was inserted a t the right-hand end of the 
rubber strand and held by a cotton wound on a hand-controlled winch. The 
winch at the left-hand end (off the diagram) was connected to an electric motor 
through a suitable gearing provided with a £: clutch ” by means of which the 
winding could be started or stopped at will.
C B and
Rubber b  ^Jnch
mm ruler
Fig. 6.
During the first part of each experiment the motor-driven winch was allowed 
to pull the dough out slowly, the rate of extension being determined by observing 
the motion of an index on the cotton as it moved over a suitably placed milli­
metre ruler. At the same time, scale A was kept under observation. With this 
arrangement the stress is given by the difference of the readings of scales A 
and C, but since during this part of the experiment the position of scale C was 
not altered, the movement of scale A was a direct indication of the rise in the 
stress. After a while the increase of stress became very slow, and then when a 
suitable division of scale A exactly coincided with the cross-wire of the observing 
microscope, the clutch was thrown out, the time being noted. Simultaneously
To winch
A
Index Dough y
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the hand-winch was released by one turn. This caused both the 
scales to shift. Scale C moved in direct response a distance of 0-19 scale 
divisions ; scale A first moved rapidly to the left and then more slowly returned 
towards its former position. As soon as it reached its old position the crank 
was given a further turn, the time being again noted. The process was repeated 
a number of times. The method used here is essentially the same as that 
adopted earlier in following the relaxation of stress and already described in 
Paper I, but there is one important addition. With the former apparatus the 
movement of the end of the dough attached to the rubber strand could be 
observed but not measured. By measuring the extent of the rapid elastic 
reaction of the dough to the movement of the hand-winch a value can be 
obtained for the modulus. The evaluation of 73, tr and n is most readily explained 
by taking a single experiment and working it out in detail.
Evaluation of 73.—In a typical case the dough was first pulled out at a steady 
rate of 0-0154 cm. per second until its length was 25-3 cm. At this point
— __ 0_0154 _ g i |  ^  iQ-4 gec.-i. Although the pull of the rubber strand had 
dt 25 * 3
become steady, the cross-section of the dough was diminishing, so that the
1 dS destress per unit area was rising. From the geometry of the case, -  ~  »
hence the elastic part of the elongation, namely, -  ~ , equals X -  . S, the
shearing stress which is one-third the tensile stress per unit area of cross-section, 
was found from the scale readings and the dimensions of the cylinder to be 
2-7 X 103 dynes/cm.2. The appropriate value for n we do not know exactly, 
but as the stress had been slowly rising from zero it was certainly low and
Id S 1 • 6 X 10 4 sec. -1probably not greater than 1 X 104. This gives -
71 Ctt
Owing to the comparatively steady stress conditions, d<x.jdt of equation (iii) 
will be negligible ; hence the rate of plastic flow is simply
(6-1 — 1-6) X 10”4 =  4-5 X 10" 1 sec."
Dividing into S we have
2-7 X 10373 = 4-5 X 10
!L == 0-6 X 107 dynes . cm. 2 . secs.
Evaluation of tv.—Equation (iv) for tr holds as we have seen when there is 
no appreciable change in a. As soon as the clutch is thrown out the stress
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starts to fall, somewhat rapidly a t first and more slowly afterwards. After 
the first turn of the hand-winch 9 seconds elapsed before scale A returned to 
its original position. The stress change as given by the shift of scale C was 
0-19 scale divisions and the mean stress in the same units was 2-67, hence
S 2-67 X 9 0-19
=  126 secs.
As a must have been taking on an increasing negative value during this time, 
this figure will be a little below the true value for tr. Reference to fig. 2 
indicates that 0*19 scale divisions in 9 seconds is not an excessive rate, and 
suggests that the discrepancy will not be large. The series of values thus 
obtained were
126, 275, 445, 760, 1280, 1980 seconds.
These are mean values, and an estimated value of
tr — 100 seconds
for the relaxation time immediately after throwing out the clutch seems reason­
able.
Evaluation of n.—In calculating n from the rapid elastic reaction of scale A 
to the movement of the hand-winch, the influence of elastic after-effect is 
more serious. After the turn of the crank which immediately followed the 
throwing out of the clutch, the leftward movement of the scale was arrested 
by plastic flow in the dough after about 1 second, a time interval which must 
have been insufficient to allow the full elastic movement to occur. After the 
sixth turn more than 20 seconds elapsed before the scale resumed its rightward 
movement. I t  is not therefore surprising to find that n apparently changes 
from 11 X 104 a t the first shift to 6 X 104 a t the sixth. Owing to elastic 
hysteresis some fall in n is to be expected, but there can be little doubt that the 
second figure is nearer the true value of n immediately after the clutch was 
thrown out. This conclusion is confirmed by the value
n — 6 X 104 dynes/cm.2
obtained from the ratio of the estimated values of 7) and tT. The closeness of 
the agreement is partly fortuitous as round figures have been used throughout. 
In some of the other experiments of the same kind the concordance was not so 
close, but no case was found which, when due allowance had been made for the 
numerous uncertainties, provided clear evidence in conflict with the equation
ti)
VOL. CXLI.— A.
t) =  n . tr.
G
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In the last analysis it appears doubtful whether this equation is capable of 
direct proof, seeing that 73, n and tr are all variable quantities, and it does not 
appear possible to measure all three actually simultaneously. I t  is perhaps 
true to regard equation (i) as defining tr in terms of yj and n which in their turn 
are defined by equation (iii). We may then take the above experiments as 
indicating that by using equation (iii) we do not obtain values for 7] and 
which show inconsistant or unreasonable fluctuations.
The lack of agreement between the values obtained for tj from the rheograms 
in Paper II and those calculated from n and tr using the data of Paper I is no 
longer surprising. Undoubtedly the chief cause of the discrepancy is to be 
found in the value 2 X 104 used throughout for n. This is certainly a good 
mean value for the doughs used, but it is now clear that the conditions under 
which tr is measured correspond to a part of the hysteresis loop in which n 
has a value appreciably above the mean. A value in the neighbourhood of 
5 X 104 would accord better with the findings of this paper and also bring the 
two sets of figures into line. I t will be noted that the viscosity found above, 
namely, 0 • 6 X 107, is lower than the general run of the values given in the table 
in Paper II. This is to be expected since the tensile stress was 8100 dynes/cm.2, 
which is higher than for any viscosity included in the table ; the extension 
in the units used was 0*43.
Taken together, our experiments seem to show that the mechanical properties 
of flour dough can be described by the equation
n varies in a manner characteristic of elastic hysteresis. Consequently it is 
liable to increase abruptly when dS/dt changes sign, and is generally dependent 
on the history of the specimen. Direct measurements of n have been only 
possible at stresses below the limit of plastic strength, but indirect determina­
tions obtained by dividing 7) by tr have been made above i t ; and there is no 
evidence of any change in n in passing across this limit other than that to be 
anticipated from hysteresis.
a, as we have seen, is only of importance when abrupt changes have recently 
occurred in S. Like n, it does not appear to depend on the absolute value of 
S,but rather on its value relative to those which have obtained in the immediate
Conclusions.
(iii)
past.
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7] shows quite a different behaviour. I t  is extremely sensitive to the absolute 
value of S. So rapidly does it increase as S is reduced, that only a narrow 
margin of stress separates the condition in which plastic flow is dominant from 
that in which it can scarcely be detected. Herein lies the justification for the 
use of the words “ plastic limit ” and “ plastic strength.” For, although a 
'precise limit could only be defined by arbitrarily specifying a certain viscosity 
as marking the limit, no serious misunderstanding is likely to arise in practice. 
Furthermore, although y) is strongly influenced by the previous history, it 
appears to be affected by factors quite distinct from those which control 
As we have seen, n is largely determined by the previous movements of S ; 
7], on the other hand, is mainly affected by the amount of flow that has taken 
place, and increases for a given value of S as the elongation proceeds. A 
series of experiments, of which the results are shown in fig. 7, showed clearly
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that the extent of this hardening is controlled by the amount of the elongation 
as well as by its rate. The apparatus as shown in fig. 1 was used, and the 
winch was driven a t a steady rate by the electric motor, a different speed being 
used in each experiment. The similarity of the curves, for which the extreme 
speeds were as two to five, provides clear evidence on this point. 
I t  is interesting to note how similar is the behaviour exhibited in fig. 7 to that 
shown by soft metals, particularly a t high temperature ; the same can equally 
be said of fig. 5 (Nadai, loc. cit.).
In conclusion, an electrical analogy may prove helpful to some when con­
sidering the meaning of equation (iii), and its use in the various special cases
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considered above. Using the formal analogy which exists between viscosity 
and electrical resistance, and between elasticity and electrical capacity, it 
may be said that the electrical behaviour of the system sketched in fig. 8 
reproduces the essential mechanical properties of dough. Fig. 8, a represents 
the condition after the point B of fig. 4 at which the stress on the dough is 
suddenly released. In the electrical case it is supposed that an e.m.f. was first 
applied between A and B and that the system was then short-circuited. The 
current in R would cease a t once and the condenser, C, would instantly dis­
charge. The charge in c would take some time to leak through the high 
resistance, r. The branch cr is evidently responsible for the “ after-effect ” 
and will give a finite “ a ” whenever the e.m.f. across C differs from that across
F ig. 8.
c, which will be the case after any abrupt change in the external e.m.f. In 
fig. 8, b the system after being subjected to an e.m.f. has been disconnected. 
This condition corresponds with stress relaxation at constant elongation. 
The condensers discharge through R ; unless R is large compared with r, 
“ a ” will make its appearance. In fig. 8, c we have the analogy to conditions 
which furnished data for fig. 7, namely, the steady application of stress. To 
make the analogies closer, the resistances and capacities should be considered 
to be variable.
There is, however, an iinportant contrast, in that the three elements which go 
to make up the mechanical system must be regarded as linked end to end and 
not “ in parallel ” as in the electrical case. The elastic elements in the dough, 
the behaviour of which is described by the symbols and a, are presumably 
formed by the protein constituents, while the plasticity embodied in the symbol
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7) must be associated with the linkage between the elastic elements. The 
individual elastic elements appear to possess mechanical properties similar 
to those which Shorter and others* have found in hairs.
Summary.
A further study of the mechanical properties of flour dough has revealed 
the presence of two properties in addition to hardening, both of which are well 
known in the study of metals ; namely, elastic after-effect and elastic hysteresis.
The first necessitates the addition of a term d<x/dt to the Maxwell equation, 
which then becomes
de __ 1 dS_____ d<x\ _j_ 1 g
dt \n dt y)
This term is only important when abrupt changes of stress have recently 
occurred.
The second property causes n to decrease steadily whenever preserves 
the same sign for some time, and to increase abruptly w hen the sign of dS/dt 
is changed.
In Paper II it was shown that the viscosity, as determined from the rate of 
flow, agreed roughly, but not exactly, with that calculated as the product of 
the rigidity modulus and the relaxation time. I t  is now clear that the value 
adopted for n was a mean value, and differed somewhat from that appropriate 
to the conditions during stress relaxation. Due appreciation of this point 
renders the agreement quantitative.
* ‘ J. Text. Inst.,’ vol. 15, p. 207 (1924); * Trans. Faraday Soc.,’ vol. 20, p. 228 (1924) ; 
‘ J. Soc. Dyer Col. (Bradford),’ vol. 41, p. 212 (1925).
